In this paper, we describe sufficient conditions when block-diagonal solutions to Lyapunov and H∞ Riccati inequalities exist. In order to derive our results, we define a new type of comparison systems, which are positive and are computed using the state-space matrices of the original (possibly nonpositive) systems. Computing the comparison system involves only the calculation of H∞ norms of its subsystems. We show that the stability of this comparison system implies the existence of block-diagonal solutions to Lyapunov and Riccati inequalities. Furthermore, our proof is constructive and the overall framework allows the computation of block-diagonal solutions to these matrix inequalities with linear algebra and linear programming. Numerical examples illustrate our theoretical results.
Introduction
Block-diagonal solutions to Lyapunov and Riccati inequalities are preferable in many control theoretic applications, e.g., structured model reduction (cf. [1] ), decentralised control and analysis (cf. [2] ). A class of systems that is known to admit block-diagonal solutions to these matrix inequalities is the class of positive systems (cf. [3, 4] ), which is one of the reasons why generalisations of this class of systems is an active area of research [5, 6] .
In this paper, we focus on a generalisation of positive systems based on diagonally dominant matrices since it is known that for this class of systems separable Lyapunov functions exist [7] and can be computed using linear programming [8] . Recently, the diagonal dominant approach was applied to block-partitioned matrices, which lead to conditions for the existence of block-diagonal solutions to Lyapunov inequalities [9] . In this paper, we generalise the existence results from [9] and derive conditions on the existence of blockdiagonal solutions to H ∞ Riccati inequalities. The main idea of the approach is to partition the state-space and compute a comparison system, which is positive and its dimension is equal to the number of clusters in the state partition. Hence its dimension can be substantially smaller than the dimension of the original system. The computation of the comparison system reduces to the computation of H ∞ norms of the systems, whose size is determined by the size of the individual clusters. We show that the stability of the comparison system implies stability of the original system (the converse is generally false), and guarantees the existence of block-diagonal solutions to Lyapunov and Riccati inequalities. The proof of this result is constructive and computing these solutions can be performed using linear algebra and linear programming methods.
Even though we took inspiration from the linear algebra literature, in our previous work [9] we reconstructed and generalised some existing control theory results, in particular, the stability criteria in [10] . Therefore, our comparison system approach is tightly related to previous work on comparison systems reported in [11, 12] and more recently in [13] . However, the computation of comparison systems in [11, 13] requires constructing Lyapunov/storage functions for individual systems in the network, and the overall procedure is typically non-convex. Our approach, on the other hand, is constructive and provides an algorithm to compute comparison systems without Lyapunov function computation. Furthermore, in the context of linear systems, the existence and construction of block-diagonal solutions to Riccati and Lyapunov inequalities are not discussed before.
The rest of this paper is organised as follows. In Section 2, we cover some preliminaries of control theoretic tools, positive systems theory and define a new type of comparison systems. In Section 3, we derive sufficient conditions for the existence of block-diagonal solutions to H ∞ Riccati inequalities. We illustrate our theoretical results in Section 4. Additional minor technical results and numerical simulations are available in Appendix.
Notation. The minimal and maximal singular values of a matrix A ∈ R m×n are denoted by σ(A) and σ(A), respectively. For a matrix A ∈ R m×n , A T denotes its transpose. The H ∞ norm of an asymptotically stable transfer function G(s) is computed as G H∞ = max w∈R G(ıω) 2 , where ı is the imaginary unit and A 2 = σ(A). A positive semidefinite (resp., positive definite) matrix X is denoted by X 0 (resp., X 0). We denote the matrices with nonnegative (resp., positive) entries as A ≥ 0 (resp., A > 0). The nonnegative (resp., positive) orthant, i.e., the set of all vectors x ≥ 0 (resp., x > 0) in R n , is denoted by R n ≥0 (resp., R n >0 ). For matrices X ij , j = 1, . . . , n with compatible dimension, we use X i,−i to denote
Finally, a block-diagonal matrix with matrices A i , i = 1, . . . , n, on its diagonal is denoted by diag{A 1 , . . . , A n }, i.e.,
Preliminaries
In this section, we present some preliminaries on positive systems and introduce a new comparison system that is positive by definition.
Control Theoretic and Positive Systems Tools
In this paper, we study linear time-invariant systemṡ x(t) = Ax(t) + Bu(t),
where A ∈ R N ×N , B ∈ R N ×Ni , C ∈ R No×N , and D ∈ R No×Ni . System (2) is asymptotically stable if and only if A is a Hurwitz matrix, i.e., all its eigenvalues have negative real parts [14] or equivalently there exists a positive definite matrix P 0 such that
Using the linear matrix inequality (LMI) (3) (usually called Lyapunov inequality), one can define a Lyapunov function of the form V (x) = x(t) T P x(t) for system (2) with u(t) = 0. In the context of input-output behaviour, dissipativity is considered as a typical analysis tool and in particular H ∞ analysis is enabled by the Bounded Real Lemma [14] .
Proposition 1. Consider a system (2) where A is Hurwitz. We have (a) C(sI − A) −1 B + D H∞ < δ if and only if σ(D) < δ and there exists P 0 such that the following Riccati inequality holds
is observable, then C(sI − A) −1 B + D H∞ < δ implies that there exists P 0 such that (4) holds with equality instead of inequality.
We refer the interested reader to Corollary 13.24 in [14] for a detailed proof. Note that the converse to the point b) holds only with additional spectral constraints on the solution P and the system matrices A, B, C, D. As the reader may notice both analysis methods rely on LMIs with a generally dense positive definite matrix P 0. In some cases, analysis can be significantly simplified using vector inequalities, which happens in the case of positive systems. A system is called (internally) positive, if for any nonnegative control signal u(t), and any nonnegative initial condition x(0) = x 0 , the state x(t) and the output y(t) remain nonnegative. In order to avoid confusion, we will use a different notation for positive systems, namely:
where F ∈ R n×n , G ∈ R n×ni , H ∈ R no×n , and J ∈ R no×ni . Internally positive systems are fully characterised by conditions on the matrices F , G, H and J: System (5) is internally positive if and only if the matrices G, H, J are nonnegative (all their entries G il , H kj , J kl are nonnegative) and the matrix F is Metzler (all its off-diagonal elements F ij for i = j are nonnegative) [15] . In terms of stability and H ∞ analyses, two well-known results, which can be found in [4, 16, 17, 18] , showcase the simplification.
Proposition 2. Consider a Metzler matrix F . Then the following statements are equivalent:
(a) F is Hurwitz;
(c) There exists e ∈ R n >0 such that −F T e ∈ R n >0 ;
(d) There exists a diagonal P 0 such that P F + F T P ≺ 0.
Proposition 3. Consider system (5) where G, H, J are nonnegative matrices, while F is a Hurwitz and Metzler matrix. Then the following statements are equivalent for a scalar δ:
(b) δ > σ(J) and there exists a diagonal matrix P 0 such that
F T e + H T g < 0,
Note that condition (d) can be obtained from condition (1.4) in Theorem 1 in [16] in the case of strict inequalities. If a certain g k = 0, then the whole row of the matrices H and J is equal to zero. Therefore, without loss of generality, we can assume that g is a positive vector.
Definition of a Comparison System
We say that a matrix A ∈ R N ×N has α = {k 1 , . . . , k n }-partitioning with N =
The matrix A ∈ R N ×N is α-diagonal if it is α-partitioned and A ij = 0 for i = j. The matrix A is α-diagonally stable, if there exists an α-diagonal positive definite P ∈ R N ×N satisfying (3).
Our goal is to perform analysis of partitioned systems (2) using only meta-information about the system, such as, the norms of the blocks A ij , B ij , C ij , where the indices of B ij take the values i = 1, . . . , n, j = 1, . . . , n i , while the indices of C ij take the values i = 1, . . . , n o , j = 1, . . . , n. Using this meta-information, we define an internally positive system (5) with n ≤ N , n i ≤ N i , n o ≤ N o that we will call a comparison system. If we take n i < N i and n o < N o it means we lump some of the inputs and outputs into one signal. The main question is how to choose F , G, H, J so that analysis of the comparison system yields meaningful properties of system (2) . We first present a new comparison matrix inspired by [9, 19] . Definition 1. Given an α-partitioned matrix A with Hurwitz A ii , we define a comparison matrix M α as follows:
Definition 1 is in the spirit of the generalisations of scaled diagonally dominant matrices discussed in [20, 21, 19] and is a direct generalisation of the definition in [9] . In order to streamline the presentation we discuss the connection to [9] in the Appendix.
Based on the comparison matrix M α (A), we define the comparison system as follows:
for i, j = 1, . . . , n, k = 1, . . . , n o , l = 1, . . . , n i .
Block-diagonal Solutions to the H ∞ Riccati Inequalities
Our main theoretical result states that the H ∞ norm of a system is bounded above by the H ∞ norm of its comparison system. Theorem 1. Consider system (2) with the comparison system (5) defined in (10) . If F is Hurwitz and H(sI − F ) −1 G + J H∞ < δ, then C(sI − A) −1 B + D H∞ < δ and there exist P i 0 such that (4) holds with P = diag{P 1 , . . . , P n }.
Besides the norm estimation, Theorem 1 provides a sufficient condition for the existence of block-diagonal solutions to H ∞ Riccati inequality (4) . The proof of Theorem 1 is constructive and will illustrate how the block-diagonal P can be constructed using linear programming and linear algebra. It is also straightforward to show that stability of M α (A) implies the existence of a block-diagonal solution to the Lyapunov inequality (3) . Again these solutions can be explicitly constructed. To prove Theorem 1, we first present the following lemma. Lemma 1. Consider system (2) with the comparison system (5) defined in (10) . Let
If F is Hurwitz and
then there exist P i 0, Ξ ki , Γ il , Φ ij , Υ kl , Λ kl 0 such that:
∀k :
∀l :
Proof. According to Proposition 3 there exist positive scalars e i , d i , g i , f i such that (7, 8) hold. Let
Since we need to show the existence of a feasible solution to (11) , assume that Φ ij = φ ij I, Ξ ki = η ki I, Γ il = γ il I, Υ kl = µ kl I, and Λ kl = λ kl I, where lower case variables denote scalars. Note that by construction the matrices Φ ij , Ξ ki , Γ il , Υ kl , Λ kl are either zero or positive definite. Let
and let A i,−i , Φ i,−i be defined as in (1) . We define the matricesΦ i,−i andÃ i,−i by removing all blocks from Φ i,−i and A i,−i with j ∈ I i . Similarly we define the matricesB i ,Γ i . First, we prove the following H ∞ norm bound for all i:
This can be shown by recalling (7):
Since (I, A) is always observable, the bounded real lemma (Proposition 1) and (12) imply that for all i there exist P i 0 such that
Next, considering (8), we have:
Substituting (14) into (13) leads to
We are now ready to prove the main result of this note. Proof of Theorem 1: Using Schur's complement we can obtain the following LMI for a sufficiently small ε 1 > 0:
The inequality is not strict, since some of the columns and rows can be equal to zero. By rearranging the matrices so that left most corner lies on the i-th diagonal entry, summing the resulting matrices for all i, we get
Multiplying the resulting LMI from the right with
and from the left with its transpose results in:
We can complete the proof if we show that for a small positive ε 2 the following inequality holds:
In this case, we get
and δ > σ(D). Setting ε 2 = 0, application of the Schur complement and Proposition 1 will complete the proof. Multiplying condition (16) from the right with
and from the left with its transpose we obtain an equivalent condition:
According to (11c) and (11d), for a small ε 2 > 0 we have
and we need to show that
The latter LMI follows from composing and adding the LMIs in (11b) in an appropriate manner.
Remark 1 (Construction of Lyapunov Functions). The proof of Theorem 1 provides a constructive way to find a block-diagonal solution P = diag{P 1 , . . . , P n } to the H ∞ Riccati inequality, provided the comparison system is stable:
Step 1: Compute the comparison system (10) and its H ∞ norm;
Step 2: Solve the linear program (7) and (8);
Step 3: Solve the individual Riccati equation (13) to find P i . This procedure clearly shows that a block-diagonal solution P = diag{P 1 , . . . , P n } can be constructed using linear programs and linear algebra if the comparison system is stable. This requires less memory and computational power than solving an SDP ( e.g., (4) or (11)), which will be demonstrated using numerical examples in Section 4.2.
Remark 2 (Small-gain Interpretation). If B, C, D are zero matrices, condition (11a) leads to the following small-gain type condition:
e., zero blocks), and Φ ii n j=1,j =i Φ ji . This interpretation shows that our conditions can take implicitly into account scaling factors, which are common in small-gain type results. (11)). These conditions are clearly less conservative than the comparison system approach, as in the proof of Lemma 1 we used several relaxations to obtain the SDP conditions from LP conditions (7) and (8). On the other hand, solving (11) is more computationally expensive as it involves SDP constraints. We note that conditions (11) are of lower dimensions than (4), which can be potentially taken advantage of. However, how to exploit the structure in (11) is not trivial and requires further research.
Remark 3 (SDP Conditions
We conclude this section by presenting some additional results for positive systems, which are straightforward to show using the proof of Theorem 1.
Corollary 1. Consider a stable positive system (5), then the following statements hold:
(a) The solution to the Riccati inequality (6) can be computed as P = diag{e 1 /d 1 , . . . , e n /d n }, where e i and d i satisfy (7, 8) ;
Note that in points (b) and (c), the computed solutions are not generally minimum trace solutions to these Lyapunov inequalities.
4 Numerical Examples
Since the comparison system is computed using linear algebraic tools in a completely distributed manner, the scalability of the approach cannot be questioned. However, the conservatism of the obtained solutions is a valid concern. In order to illustrate some issues, consider a simple example with a {2, 3}-partitioned system matrix. We consider systems with state-space matrices A i , B, C j and D = 0. One can easily verify that the corresponding comparison systems are all stable. Therefore, Theorem 1 guarantees the existence of a block-diagonal solution to the Riccati inequality for all these systems. Now, we compute several estimates on the H ∞ norm using block-diagonal solutions to the Riccati inequalities. In particular, we consider the following optimisation programs:
subject to: P 0 is α-diagonal and satisfies (4), subject to: P i 0, Ξ ki , Γ il , Φ ij 0 satisfy (11), Table 1 lists the values δ bd , δ sdp , δ scal , as well as H(sI − F ) −1 G H∞ , normalised by the H ∞ norm of the system. The results in Table 1 indicate that the values provided by the program (17) are significantly less conservative than the comparison system approach. However, by employing the program (11) we can bridge the gap between the values δ bd and H(sI − F ) −1 G H∞ . Note that for some systems the values δ sdp are equal to C i (sI − A j ) −1 B H∞ , while for others the gap between δ bd and δ sdp is not substantial. The SDPs (11) are of lower dimensions than (4), which can be potentially exploited by distributed optimisation methods. However, this work is not trivial and requires further research. We perform additional simulations in Appendix.
Computational Time Comparison
To demonstrate the scalability, we compare the CPU time required for computing a block-diagonal solution to the Riccati equation using 1) the comparison systems and 2) the direct approach using the systems matrices. We assume that D = 0 and generate the matrices A, B and C randomly where B and C are block-diagonal, the block sizes k i are random integers between 2 and 5. For the comparison system approach, we first compute the scalars φ ij , γ il , η ki e i , d i , g k , f l as described in the proof of Lemma 1. Then, we compute a positive-definite solution to the following Riccati equation
According to Theorem 1, the solution to (20) gives us a block-diagonal solution P = diag{P 1 , . . . , P n } to the Riccati inequality for the original system. Figure 1 shows the computational time required for various number of subsystems N . We note that all the computations for the comparison system approach can easily be parallelised, while the direct approach does not generally allow for parallelisation. As shown in Figure 1 , even without parallelisation, the comparison system approach scales significantly better with the number of subsystems taking at worse 77.3 seconds to compute versus 92.2 minutes for the direct approach. The computational results are obtained using Sedumi [22] and YALMIP [23] on a 4-core Intel i7 3GHz processor with 16GB of RAM. Due to heavy numerical computations for 200 subsystems we compute every H ∞ norm only once, however, the overall trend in these curves did not significantly change when we repeated the computations.
Distributed Stability Tests
In [9] , it was proposed to use the comparison matrices and related Riccati equation in (11) to derive stability tests. In this note, we generalise these tests and let
where φ ij with i, j = 1, . . . , n and i = j are nonnegative scalars. The diagonal elements φ ii are defined as follows:
where ε > 0,Φ i,−i is obtained by removing all blocks from Φ i,−i with with j ∈ I i . Now we compose the matrix F = {φ ij } n i,j=1 . If the matrix F is Hurwitz then the matrix A is Hurwitz and α-diagonally stable. Note that stability of F can also be verified in a distributed manner using the conditions in Proposition 2 (see [4] for details). Our stability tests are obtained by choosing appropriately φ ij ; we present a few ad-hoc choices.
Test
Test IV. For j = i φ ij = 1 σ(A ij ) > 0, 0 σ(A ij ) = 0. In Tests I and II, we need to compute at most O(n 2 ) H ∞ norms, while in Tests III and IV we need to compute at most O(n 2 ) matrix norms and n H ∞ norms. We note that if α = {k 1 , k 2 } then all the tests are equivalent. Note that there is no contradiction with [9] since the presented tests are not equivalent to the tests in [9] . However, in general, the set of matrices satisfying Test I, II, III and IV intersect without inclusions, which we show by providing examples. Consider the matrices A I , A II , A III and A IV :
Every matrix satisfies the test with the corresponding letter and fails the other ones. For instance, matrix A I satisfies Test I and fails Test II, III and IV. We note that it was harder to generate matrices failing either of Tests I and II, and satisfying any other test.
Note that all the tests also guarantee that a block-diagonal solution to Lyapunov inequality exists and can be constructed using Riccati equations similar to (13) . Similar ideas can be used to derive other algebraic conditions for the existence of block-diagonal solutions to H ∞ Riccati inequalities.
Conclusion and Discussion
In this paper, we have considered a comparison system approach to the analysis of a class of systems. The comparison system is positive and can have a much lower dimension than the original system. If the comparison system is stable, then we can guarantee several strong properties of the original system: the existence of block-diagonal solutions to Lyapunov, Riccati inequalities; efficient, but conservative estimates of norms. The gap between the set of systems admitting block-diagonal solutions to Lyapunov and Riccati inequalities and the set of systems satisfying our sufficient conditions is not entirely clear. In fact, a similar gap is not characterised in the more studied diagonal case either and still constitutes an interesting theoretical question. Nevertheless, our conditions are relatively easy to verify as they require only linear algebra and linear programming methods. We present several examples illustrating our theoretical work. We provide additional, but minor theoretical results, as well as additional numerical examples in Appendix.
Our definition of the comparison matrix results (under additional assumptions) in a decomposition of the Lyapunov and Riccati inequalities into a set of smaller LMIs. This decomposition is similar to the decomposition obtained by chordal sparsity [24, 25] . However, there are a few crucial differences between these decompositions. The major one being that chordal decomposition cannot be applied to dense matrices, while diagonal dominance can. On the other hand, chordal decomposition provides necessary and sufficient conditions for the LMI to hold, which is not the case with diagonal dominance. Nevertheless, such a connection can potentially be exploited to derive efficient computational algorithms for large-scale system analysis using the techniques in [25, 26] and the recently proposed methods in [27, 28] .
Finally, some generalisations of our results were not discussed in the note due to their triviality. Instead of the 2-norms in the definition of comparison matrix M α (A), one can also use other p-induced norms for off-diagonal terms. However, we would need to compute the p-induced norms of the transfer matrices obtained by the matrices on the block-diagonal, which by itself is not an easy task in general unless α = 1, or the blocks A ii are Metzler.
A Relating Comparison Systems
In this appendix we present an explicit relationship between our new comparison matrix (10), the optimisationbased comparison matrix obtained from Lemma 1, and the comparison matrix from [9] . Definition 2. Given an α-partitioned matrix A with Hurwitz A ii , we define the matrix M α (A) as follows:
Our second comparison matrix comes from contraction theory for nonlinear systems [29] .
Definition 3. Given an α-partitioned matrix A with Hurwitz A ii , we define the matrix N α (A) as follows
where µ 2 (X) = lim h→0+ 1 h ( I k + hX 2 − 1) = λ(X + X T )/2 and X ∈ R k×k , where λ(Z) denotes the maximum eigenvalue of a symmetric matrix Z.
We also consider the class of matrices A satisfying Lemma 1, that is, the matrices for which there exist P i 0, Ψ ij , Φ ij 0 satisfying the following constraints:
In order to formalise how these comparison matrices are related, we define the following classes of matrices
Proposition 4. We have the following inclusions:
for a given α. If α = 1, then C α
Proof. (i) Since M α (A) is Hurwitz there exist positive scalars d i such that
Now it is straightforward to get:
is Metzler and Hurwitz, then µ 2 (A ii ) < 0. We can show that with P = −µ 2 (A ii )I, the following inequality holds:
Indeed, using the inequality
where the equality is attained, e.g., for scalar A ii . This leads to N α (A) ≥ M α (A). Since N α (A) is Hurwitz, there exists v 0 such that N α (A)v 0. Due to N α (A) ≥ M α (A) the same vector v can be used to show stability of M α (A).
(iv) In the trivial partitioning case, N 1 (A) = M 1 (A). Furthermore, the nonstrict inequality in (24) becomes an equality. Therefore, if the matrix M 1 (A) is Hurwitz, so is the matrix M 1 (A).
Since in the trivial partitioning case the comparison matrices are equivalent, the comparison matrix N α (A) can also be seen as a block-generalisation of scaled diagonal dominance.
Finally, using Proposition 4 we have the following implication from Theorem 1. 
B Bounds on the Outputs and States
Using the matrix N α , we can define another comparison system
As we will show below the comparison matrix N α provides additional relations between the original system (2) and the comparison system (5).
B.1 Main Results
As shown in Corollary 2, the result of Theorem 1 applies to the case of a comparison system with the matrix N α . Moreover, this case opens the door of exploiting additional properties of the comparison systems. For instance, it is possible to bound the state and the output of system (2) using its comparison system. Theorem 2. Consider system (2) with x(0) = x 0 and its comparison system (5) defined in (25) with F = N α (A), ξ i (0) = ξ 0 i = x 0 i 2 and υ l (t) = u l (t) 2 with i = 1, . . . , n, l = 1, . . . , n i . Then for all i = 1, . . . , n, k = 1, . . . , n o :
Proof. For all i, x i ∈ R ki , x j ∈ R kj and a small ε > 0, we have n j=1
where we use the bounds
for all vectors z, y and matrices X, Y of appropriate dimensions.
Consider now the systemξ = (F + εI)ξ + Gυ and let ξ ε (t) denote its solution with ξ ε i (0) = x 0 i 2 . Using (26), we get
which means that there exists T > 0 such that x i (t) 2 < ξ ε i (t) for all t ∈ [0, T ] and all i. Let there exist s such that x j (σ) 2 < ξ ε j (σ) for all σ ∈ [0, s) and all j, however, x j (s) 2 ≤ ξ ε j (s) for all j and there exists an index i such that x i (s) 2 = ξ ε i (s). This implies that
On the other hand, the inequality shown in (27) leads to
We arrived to the contradiction with (28) . Therefore, ξ ε i (t) > x i (t) for all t > 0 and all i. Letting ε → 0 we get ξ i (t) ≥ x i (t) 2 for all t > 0 and all i. Now we will show the second part of the statement. According to triangle and Cauchy-Schwartz inequalities we have
which completes the proof.
Using the flow bounds we can use stability analysis tools for positive systems such asξ = F ξ to study nonpositive systems such asẋ = Ax. Corollary 3. Consider the system (2) and its comparison system (5) defined in (25) with F = N α (A). Let F be Hurwitz and let the vectors d, e ∈ R n >0 be such that −F d, −e T F ∈ R n >0 , then
are Lyapunov functions forẋ = Ax.
Proof. According to Theorem 2, with ξ i (t) = x i (t) 2 ,ẋ = Ax andξ = F ξ we have that
for all s > t. This implies thaṫ
Therefore, V m (x) is a valid Lyapunov function withV m (x) < 0 in the points of differentiability. The cases of V s and V d are treated similarly.
B.2 Relation to Network Input-to-State Stability
We will show that the Lyapunov function V d has an input-to-state stability (ISS) interpretation. Consider a fully observable system:ẋ
and its comparison systemξ = F ξ + Gυ, where F = N α (RAR −1 ), G il = R i B il 2 for some invertible αdiagonal R = diag{R 1 , . . . , R n }. Using the inequality (26) in Theorem 2 and completion of squares technique that given (7) and (8), we can obtain the following inequalities:
Such systems are said to satisfy ISS small gain conditions, see [13] and the references within. Stability of the interconnected system is shown using a comparison system withF ij = φ ij andĜ il = γ il . Construction of max-and sum-separable functions will also follow from the ISS conditions. However, in general, the relationship between the flows of the full and comparison systems can be more complicated than the ones described in Theorem 2. Furthermore, the linear case is considered in [13] and only a nonlinear comparison system was derived. Therefore, our results preserve linearity of comparison systems, which is beneficial in the linear case. The matrix M α (A) can also be used to derive ISS-type small gain conditions, however, in this case we cannot derive a linear comparison system as in the case of N α , where the state-space transformation R is the key to build P .
Condition (11) from Lemma 1 can be used to derive a similar to (30) set of condition. In particular, Lemma 1 implies that there exist P i 0, Ξ ki , Γ il , Φ ij , Υ kl , Λ kl 0 such that for all x i ∈ R ki , u l ∈ R m l , we have:
Note that the right hand side in (31a) does not depend on the Lyapunov functions x T i P i x i , which makes conditions (31b) conceptually different from the conditions (30) as well as the conditions in [10, 11, 13] (for nonlinear systems). We note that the conditions (30) (as well as the conditions in [10, 11, 13] ) require optimisation over the gains γ il ,φ ij , and storage functions x T i P i x i . These optimisation programs to our best knowledge are typically non-convex, our approach, on the other hand, leads to polynomial time algorithms.
C Application to Dissipative Networks
In the context of input-output behaviour, dissipativity is considered as a typical analysis tool, which is defined with the help of the storage function V (x) = x T P x and the supply rate w(y, u):
where P is a positive semidefinite matrix and W is symmetric: In particular, if we set W 12 = 0, W 11 = I, W 22 = δ 2 I, then we can estimate the H ∞ norm of the system using the Bounded Real Lemma [14] .
One can see the partitioned system (2) as an interconnection of n systems, where the Hurwitz matrices A ii model the dynamics of individual subsystems, while the terms A ij for i = j model their interconnections. There are a number of ways to model an interconnection of linear systems. For example, consider the setting in Figure 2 , where G i = C i (sI − A i ) −1 B i and the constant matrices M , K and N are partitioned according to the inputs and the outputs to G i . Let the diagonal block entry M ii equal to zero, meaning that we forbid direct feedback loops. This setting was considered in [30] and the conditions on dissipativity of the network were derived using local dissipativity conditions, i.e., dissipativity of the subsystems. Assume that the rows of the mapping [ z y ] → w i are linearly independent. Let the local dissipativity conditions for subsystems with the supply rate defined by Y i and the storage function x T i P i x i :
where * stands for the transpose of the upper right corner of the matrix. Consider the centralised coupling constraint
where Q = diag{−Y 1 , . . . , −Y n , W }, W = W T is fixed in advance and specifies the global supply rate, and the matrix T π is a permutation matrix such that
In particular, if Y i 12 and W 12 are zero matrices, then 1 11 , . . . , Y n 11 } and Y 2 = diag{Y 1 22 , . . . , Y n 22 }. One of the main result in [30] states that under some mild assumptions (32) and (33) hold if and only if the network is dissipative with a storage function n i=1 x T i P i x i with respect to the supply rate specified by W . These conditions can only be verified with semidefinite programming with the decision variables P i 0,
Our framework can also be applied to this case. One can set A i = A ii , A ij = B i M ij C j for i = j, while C kj = N kj C j and B il = B j K il with i, j = 1, . . . , n, k = 1, . . . , n o , l = 1, . . . , n i and simply apply the theory to the resulting system. However, we consider the following comparison system
In order to decouple the system information from interconnection information, one can use:
which would lead to more conservative estimates. A positive aspect of these representations is the independence on the state-space representations of subsystems G i . The following result is the consequence of applying our techniques in this setting.
Proposition 5. Consider the network of the stable subsystems G i = C i (sI − A i ) −1 B i (the matrices A i are Hurwitz) interconnected through matrices M , N and K as in Figure 2 . Consider the comparison system (5) with the state-space matrices defined in (34) and let there exist positive vectors e, d, g, f , and a scalar δ satisfying (7, 8) . Then (i) the network also satisfies conditions (32, 33), with Y i
0 Y 12 = 0, W 11 = I, W 22 = −δ 2 I, and W 12 = 0.
(ii) there exists P = diag{P 1 , . . . , P n } such that
Proof. (i) We will only sketch the proof due to similarity to the proof of Theorem 1. We set η kj = H kj d j /g k ,
where the scalars e i , d i , f l , g k satisfy (7, 8) . We defineΦ i ,Γ i , I i , L i , K i as in Lemma 1, and obtain the bounds
Using these relations, we get the following Riccati inequalities with coupling constraints:
where 1 11 , . . . , Y n 11 }. While the conditions in (39) imply that
whereΓ i = diag{ n j=1 Γ j1 , · · · , n j=1 Γ jni }, Y 2 = diag{Y 1 22 , . . . , Y n 22 }. Applying Schur's complement twice to (41) and using Y 1 Φ + N T N yields the following chain of inequalities where W 1 = I, W 2 = δ 2 I. Using Schur's complement again we get:
which after some algebraic manipulations leads to (33) with the matrix Q specified above.
(ii) the proof is straightforward.
As with our previous results, the H ∞ norm of the network can be estimated using linear programming or algebra. The constraints (32, 33) with Q described in Proposition 5 are necessary of stability of the comparison system. For sufficiency, at least the existence of an α-diagonalΦ satisfying (42) is required. On the other hand the constraints (37-39) can be relaxed by replacing scalar variables with positive semidefinite matrices. Note that all the constraints can be transformed to convex ones using Schur's complement. Finally, assume that the systems G i are single-input-single-output and such that C i (sI − A i ) −1 B i H∞ = −C i A −1 i B i 2 , for example all subsystems are internally positive. In this case the constraint (36) is tight, that is for any valid choice of φ ij , γ ij we can set φ −1 ii to be equal to
We consider random systems with A ∈ R 20×20 such that M 1 (A) is Hurwitz, B k ∈ R 20×k , C k ∈ R k×20 and D = 0. We first generate a random matrixÃ with the fixed number of nonzero entries where all the nonzero entries are distributed according to the uniform distribution U on the interval [0, 1]. We then define M α (A) =Ã − ((1 + ε) max(0, max i (Re(λ i (Ã)))))I, where λ i (Ã)'s are eigenvalues ofÃ and ε is a scalar larger than zero. After that we obtain the matrix A by flipping with probability 0.5 the signs of the nondiagonal entries of the matrix M α (A). We generate full matrices B k and C k with entries distributed according to U(−1, 1) for two cases k = 1 and k = 20. The dominant eigenvalue of M 1 (A) will lie close to the origin, but similar results were observed if the spectrum is shifted farther to the left. We then compute the following quantities subject to: P 0 is α-diagonal and satisfies (4) with matrices A, B k , and C k and matrices A, |B k |, and |C k |, respectively. We remind the reader that k denotes the dimension of the matrices B k and C k . Since we compare the relative norms of the systems, we recover the loss of generality by restricting the support of distributions of the entries of the matrices A, B k and C k . That is, similar results are obtained while generating the entries ofÃ using U([0, a max ]),
for some positive a max , b max , c max . For each number of nonzero elements, we generated 10000 matrices as described above. The mean values of δ 1 cs−p , δ 1 cs and δ 20 cs are depicted in the left panel in Figure 3 , while the mean values of δ 1 bd , δ 1 bd−p and δ 20 bd are depicted in the centre panel in Figure 3 . There were two not entirely expected results in these simulations. Firstly, the values δ 1 bd−p , δ 20 bd converge to the values close to 1 on average with the number of nonzero entries increasing, while the values δ 1 bd start increasing again with the number of nonzero entries larger than 80. Secondly, the relative errors δ 1 bd−p , δ 1 bd , δ 20 bd peak between 40 and 50 nonzero entries, and later decrease. We do not depict the results for δ 20 bd−p , δ 20 cs−p , since δ 20 bd−p has a quite similar performance to δ 20 bd , while δ 20 cs−p remarkably has a quite similar performance to δ 1 cs−p . It is not entirely clear why sign-indefinite low-rank matrices B k and C k add conservatism to the solution of the Riccati inequalities on average, however, we can elaborate on the conservatism peak for sparse matrices. Let B k and C k be diagonal matrices, hence P B k (B k ) T P/δ 2 + (C k ) T C k is diagonal. In this case, the conservatism should originate with matrix A. If the matrix A is full and scaled diagonally dominant, then the values on the diagonal generally have larger magnitudes than the off-diagonal terms. In contrast to sparse matrices, the off-diagonal elements can have comparable magnitudes with the elements on the diagonal. Therefore rescaling with a diagonal P may not be sufficient to compensate for P B k (B k ) T P/δ 2 + (C k ) T C k in the case of sparse matrices more often than in the case of full matrices.
Our observations lead to a conclusion that for sparse scaled diagonally dominant matrices using diagonal matrices P in Lyapunov/Riccati inequalities may not be advisable, even though such P exist. Instead one should use block-diagonal P in order to reduce the conservatism. Naturally, two questions arise: (a) what is the size of the blocks on the diagonal of P , and (b) how to choose the pattern of P . Some indications on how to approach these questions are provided in [24, 25] , where chordal sparsity can help to determine the size of the blocks of P and the pattern of P . In the case of a), we can provide further analysis. Consider the right panel in Figure 3 , where we plot the relative error against the size n of the full matrix A. Note that the conservatism reduces considerably as n grows and with n approaching 20 disappears with a high probability. Therefore, it appears that for the block sizes up to 10, it is beneficial to use similar size blocks in the matrix P . However, if the dimension of the full blocks is larger than 20, then we can employ a sparse P without a significant loss of performance.
We also note that δ k bd−p is not always smaller than δ k bd . For example, set k = 1 and In this case, however, we have that δ 1 bd−p < δ 1 bd , but at the same time G 1 p H∞ < G 1 H∞ and δ 1 bd−p > δ 1 bd . Therefore, positivity of B 1 and C 1 is still beneficial for solvability of the LMI in (43). We conclude this example by indicating that further studies of the systems with Hurwitz M α (A) can lead to scalable, but less conservative analysis methods than the comparison system approach.
D.2 Time and Frequency Responses with α = 1
To illustrate the result in Theorem 2, we consider the time and frequency responses of the following system where M 1 (A 1 ) is Hurwitz and hence a diagonal solution to the Riccati inequality (4) exists. We also flip a sign of the (5, 1) entry of the matrix A 1 and get the system G 2 = A 2 B C D . First, we perform a similar analysis as above and compute the norms ant their estimates. In Figure 4 (a), we plot the singular values of the systems and the bounds δ 1 bd , δ 2 bd , which are the solutions to (43) for systems G 1 and G 2 . Our main observation is that a flip of a sign drastically changes the magnitude of the frequency response of the systems. Yet the bounds δ bd are still surprisingly close to the actual H ∞ norm.
Next, we evaluate the flow bounds provided by Theorem 2. We compute the initial condition responses of the systems G 1 and G 2 and their comparison system to the initial conditions x 01 = −1 0 0 0 0 and x 02 = −1 1 −1 1 −1 . As shown in Figure 4(b) , the initial condition responses (with u = 0) can be conservative also for the system G 1 , especially if the initial state does not belong to the orthants R n ≥0 or −R n ≥0 , where the bound is tightest.
